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We discuss dynamical locality in two locally covariant quantum field theories, the 



nonminimally coupled scalar field and the enlarged algebra of Wick polynomials. We 
calculate the relative Cauchy evolution of the enlarged algebra, before demonstrating 
that dynamical locality holds in the nonminimally coupled scalar field theory. We 
also establish dynamical locality in the enlarged algebra for the minimally coupled 
massive case and the conformally coupled massive case. 



t5 ' 1 Introduction 

in . 

The concept of Axiomatic Quantum Field Theory has traditionally been explored only in 
Minkowski space: in particular, the Wightman axioms [15] and the Haag-Kastler axioms 
[TD] outline ways of providing a set of axioms for a quantum field theory to obey. Over the 
past decade, advances have been made in the area of Axiomatic Quantum Field Theory 
in curved spacetimes. In particular, the work by Brunetti, Fredenhagen and Verch [3] 
outlined a set of axioms, similar to the Haag-Kastler axioms for Quantum Field Theory on 
Minkowski space, that should be obeyed by any QFT that can be denned on curved space- 
times. The Haag-Kastler axiomatic framework is often described as Algebraic Quantum 
Field Theory; the axioms lay out certain properties that should be held by any legiti- 
mate assignment of an algebra of observables to each arbitrary region of Minkowski space. 
Extending algebraic QFT to curved spacetime involves examining the ways one might 
amend these axioms to define the properties held by a suitable assignment of an algebra 
of observables to arbitrary regions of arbitrary spacetimes. In practice, though, to achieve 
meaningful results we have to apply some restrictions to the type of region and the type of 
spacetime we are allowed to choose. The axioms proposed in [5j use the tools of category 
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theory; the allowed regions in this case are open, globally hyperbolic subregions of glob- 
ally hyperbolic spacetimes (definitions are given in section [2]), and allow us to think of a 
particular quantum field theory as a functor between the category Loc whose objects are 
globally hyperbolic spacetimes, and the category Alg whose objects are at the very least 
*-algebras, but may possibly possess additional structure. 

However, it turns out that these axioms alone allow for some rather undesirable patho- 
logical theories. In particular, some very recent work by Fewster and Verch [8] has shown 
that certain theories may satisfy the BFV axioms despite in some sense describing different 
physics depending on the spacetime to which it assigns the algebra of observables. The 
question of precisely what is meant by a theory representing the same physics in all possible 
spacetimes is still, by and large, an open one. While it is desirable to find a condition on 
theories that somehow formalises this property, this question is more easily answered by 
comparing theories with one other, and so the SPASs (Same Physics in All Spacetimes) 
condition proposed in the aforementioned paper is a condition on classes of theories. It is 
intended to be a necessary condition for such a class to comprise theories, each of which 
represents the same physics in all spacetimes, according to some common definition of the 
term. In this paper we are concerned with the class of dynamically local theories, which is 
shown in [5] to satisfy the SPASs condition. 

The property of dynamical locality has other desirable consequences such as a no- 
go theorem for natural states, and dynamical locality has so far been demonstrated for 
some linear theories, including the minimally coupled massive Klein-Gordon field and the 
massless current algebra. However, it fails in the case of the minimally coupled massless 
Klein-Gordon field. It is therefore desirable to find further examples of well-known theories 
that can be constructed in a locally covariant way that either satisfy or violate dynamical 
locality. We will prove in this paper that the nonminimally coupled Klein-Gordon scalar 
field is dynamically local in both the massive and massless case, and also that the extended 
algebra of noninteracting Wick polynomials can be shown to be dynamically local in the 
minimally coupled massive and conformally coupled massive cases; however, it fails to be 
dynamically local in the minimally coupled massless case. 

2 Local covariance and Dynamical Locality 

We are using the prescription in [3] for the construction of locally covariant theories, in 
which a theory is considered to be functor from a category of spacetimes to a category of 
algebras. We must therefore first define the categories we will be using. We will follow 
the definitions and notation in [8] for the category of globally hyperbolic spacetimes. This 
category is denoted Loc; its objects are quadruples M = (M, g, o, t) where M. is a smooth 
paracompact orientable nonempty n-dimensional manifold with finitely many connected 
components, g is a smooth time-orientable metric for A\ with signature H — • • • — , and o 
and i are choices of orientation and time-orientation respectively for At. These spacetimes 
must also satisfy global hyperbolicity: there can be no closed causal curves in Ai, and for 
each pair p, q e A\ the intersection J^{p) fl Jm(o) m ust be compact, where J^(p) denotes 



the causal future (+) or past (— ) of p in M.. 

An arrow of Loc from an object N = (A/ - , g^, o^, t\r) to a second object M = 
(•M, g M , Om, tjvi) is a smooth embedding ip : AT ^r M. that is isometric (i.e. ip*gM = g^) 
and orientation- and time-orientation-preserving (i.e. i/j*Om = Oj\f, ip*^M — W). It must 
also respect the causal structure: the image ip(N) C A-4 must be causally convex in A4, i.e. 
each causal curve in A4 with both endpoints lying within ip{M) must be entirely contained 
within ip(J\T), 

A Cauchy surface S for a spacetime M is a subset of M. that is intersected by every 
inextendible timelike curve in M. exactly once. Clearly no Cauchy surface can have a 
timelike tangent at any point, but this definition does allow a Cauchy surface to have a 
null tangent; consequently we will refer to a Cauchy surface whose tangents are all spacelike 
as a spacelike Cauchy surface. Global hyperbolicity of M is equivalent to M containing 
a smooth spacelike Cauchy surface [T]. An arrow in Loc whose image contains a Cauchy 
surface for its target is called a Cauchy arrow. We may safely blur the distinction between 
a spacetime and its underlying manifold, so in the remainder of this paper we may use 
the same notation (e.g. Af ) for both; for example, we will denote by Cg°(Af ) the space of 
compactly supported smooth functions on the underlying manifold A4. 

The category whose objects are candidates for the algebras of observables of a theory 
is denoted Alg. The objects of Alg are unital *-algebras, and the morphisms are unit- 
preserving *-monomorphisms. 

2.1 Locally covariant theories 

A locally covariant quantum field theory is defined to be a covariant functor from Loc to 
Alg [3J. That is, a theory srf maps objects of Loc to objects of Alg, and arrows of Loc to 
arrows of Alg, such that: 

for any Loc-arrow ip : N °— ¥ M, the arrow &?(ip) has domain &/{N) and codomain 

"an, 



• for any two Loc-arrows ipx : O <-} N, ip2 '■ N <— > M, we have fi/{ip2 ° V'l) = 

• for any spacetime M, we have ^(idjvf) = id^(M)- 

While this is the only property a theory needs to satisfy to be locally covariant, we generally 
wish to apply some further conditions on the theories we work with. In particular, there 
is no condition pertaining to causality in the basic definition of a locally covariant theory. 
A locally covariant theory &/ is said to be causal if it has the following property: let 
■01 : N\ '-¥ M, tp2 '■ N2 c -> M be arrows in Loc such that the images ipi(Ni) and 
2 (A/" 2 ) are causally disjoint in M. Then [£/(tp 1 )A 1 , £/(^ 2 )A 2 ] = for any A 1 e ^(Nt), 
A 2 e e/(N 2 ). 

We will also generally require our theories to satisfy the timeslice axiom. Suppose 
ip : N M- M is an arrow in Loc; a locally covariant theory &/ obeys the timeslice axiom if 



the Alg-arrow £/(ip) is an isomorphism whenever the image of N in M under ip contains 
a Cauchy surface for M (alternatively, a/(ip) is an isomorphism whenever ip is a Cauchy 
arrow). The timeslice axiom allows us to define an automorphism of an algebra £/(M) 
called the relative Cauchy evolution, which is defined as follows. 

For any spacetime M = (At, g,o,t), we define h e Cg^Tg At) to be a metric perturba- 
tion if it is symmetric and the spacetime M"[/i] = (Ai, g + h, o, t') is also an object in Loc 
(where t' is the unique choice of time-orientation that coincides with t outside supp(fo)). 
The set of all such metric perturbations on M is denoted H(M), and for any O C A\ we 
denote by H(M;0) all h G H(M) whose support lies within O. 

Given some h e H(M), we pick globally hyperbolic subregions Af ± of At such that 
each contains a Cauchy surface S ± for M, and such that N ± C A\ \ J M (swpp(h)). Now, 
we can consider the spacetimes N ± = (Af ± , g\j^±, o|_a/±, t|./v±) in their own right; each is a 
sub-spacetime of both M and M[h], and we denote by l^, ^[h] the canonical embeddings 
of N respectively into M and M[h]. If a locally covariant theory stf satisfies the timeslice 
axiom, then the arrows I c/(t ± ) and ^/(^[h]) must be isomorphisms. It follows that we can 
form an automorphism rceM^] on s$(M) defined by 



-i ^ r^(, + \un „ oy/'.+^-i 



rce M [^] = #f(r) o£/(r[h]y L o£/(r[h]) 

called the relative Cauchy evolution on M induced by h. The relative Cauchy evolution 
can be shown to be independent of the choice of future and past subspacetimes N [8, 
Prop. 3.3]. 

2.2 Dynamical locality 

It is natural to ask the question of whether the condition of local covariance, with the 
timeslice axiom, is enough to ensure that a theory is "physically realistic". As discussed 
before, the existence of certain pathological locally covariant theories has motivated the 
discussion in [8], where the idea of the Same Physics in All Spacetimes (SPASs) is intro- 
duced as a condition on classes of theories that is claimed to be necessary for the theories 
to be considered physically realistic. A class of theories T has the SPASs property if, 
whenever 

• &t,0B GT, 

• there exists a natural transformation ( : &/ —$ 38, and 

• there exists a globally hyperbolic spacetime M on which Cm is an isomorphism, 

then C, is a natural isomorphism (i.e. (n is an isomorphism for each globally hyperbolic 
spacetime N). It is shown in [S] that one can construct a class T of locally covariant causal 
theories that obey the timeslice axiom, but such that T does not have the SPASs property. 
To this end, it is suggested that the additional axiom of dynamical locality, defined below, 
is imposed. The class of dynamically local theories is a subclass of the locally covariant 



theories that obey the timeslice axiom, but it has the added advantage of satisfying the 
SPASs condition. 

We first define the kinematic nets and dynamical nets of a locally covariant theory 
srf obeying the timeslice axiom. Let M be a globally hyperbolic spacetime and O be a 
globally hyperbolic open subregion of M with finitely many connected components, all of 
which are causally disjoint (we denote by &(M) the set of possible such O). Clearly we 
can regard M \q as a globally hyperbolic spacetime in its own right. We will denote the 
map embedding M\ Q into M by l m . Q - When we apply the functor srf to M\ , we get the 
algebra £f(M\o), which can be embedded in srf(M) by the map a^. Q , defined to be the 
result of applying the same functor to im-,o- The kinematic net is defined to be the map 
which assigns O >->■ o^. . The algebra obtained by applying srf to the restriction M\o is 
called the kinematic algebra of O, denoted by £/ km (M ; O) = srf(M\o). 

Given such M and O, we can also define the dynamical net as follows: given O G 0(M), 
and compact K C O, we let 

fif(M; K) = {Ae fi/{M) : ice M [h]A = A for all h E H(M; K L )}. 

Here K x = M \ Jm{K) denotes the causal complement of a compact K C M . We then 
define the dynamical algebra as 

^ dyn (M;0)= \j ^'(M;K), (2.1) 

where J^(M; O) is the set of compact subsets of M with a multi-diamond neighbourhood 
based in O. Here a multi-diamond is a finite union of causally disjoint diamonds, where we 
use the following definition from [4j: a diamond is a set Dm{B) such that there exists a 
spacelike Cauchy surface S C M , and a chart (U, 0) of E, where <fi{B) is a nonempty open 
ball in ]R n_1 with closure contained in 4>(U), and Dm{B) denotes the domain of dependence 
of B. The inclusion 

a% n : ^ dyn (M; O) M- *f(M ) 

is unique (up to isomorphism), and we define the dynamical net to be the map which 
assigns O !->■ a^o- 

A theory is defined to be dynamically local if for every globally hyperbolic spacetime 
M and nonempty O 6 ^(M), we have £/ kin (M; O) = ^/ dyn (M; O), or alternatively 

dyn ^ kin 
"M;0 _ "M;0- 

This is equivalent to demanding that for all such O, M we have 

a%(^(M; O)) = a^ (^ kin (M; O)). 

For an additive theory, that is, one in which £/ kin (M; O) is generated by its subalgebras 
corresponding to relatively compact subregions of O, [HI Prop. 6.1] entails that we always 
have a^ (^ kin (M; O)) C a d ^ (^/ dyn (M; O)), and therefore it is sufficient for dynamical 
locality to show that 



a 



d y n ( n</ A y n tA/T- n\\ r ™ kin ( ^/ kin 

M;0 



n (M;0))C< (^(M;0)). (2.2) 



This applies to all the theories we will study here. 



3 The Klein-Gordon Field and Wick Polynomials as 
LCTs 

3.1 Construction of the Klein-Gordon Theory 

The Klein-Gordon operator on a spacetime M is denoted Pm = O g + £R g + m 2 . We 
call any solution G C°°(M) to the field equation Pm<P = a classical solution to the 
field equation. The coupling constant (el and the mass m > are held constant over 
all spacetimes. The Klein-Gordon operator has associated with it two unique continuous 
linear operators E M : Cg°(Af) — > C°°(M) with the properties 

E M P M f = f = P M E M f (3.1) 

supp(£± /) C J±(supp(/)) (3.2) 

for any / G C^(M) (16] (here we identify E M P M f and PmE m j with their preimage 
under the canonical embedding t : C£°(M) ^-> C°°(Af)). The operator £" M = -Ej^ ~^m * s 
the (advanced-minus-retarded) fundamental solution for the Klein-Gordon field on iVf , and 
any classical solution with compact support on Cauchy surfaces is of the form = EmJ 
for some / G Cq°(M). We denote by Em(x,u) the antisymmetric bidistribution on test 
functions satisfying 

/ dyE M (x,y)f(y) = {E M f){x) 

JM 

for each / G Cq°(M). Furthermore, we denote 

E M (f,f')= [ dxf(x)(E M f')(x)= f dxdyf(x)E M (x,y)f'(y), 

Jm Jm x2 

for fJ'eC^(M). Note that this entails 

dxf(x)(E M f)(x) = - [ dx(E M f)(x)f(x). (3.3) 

m Jm 

Given a fixed spacetime M, we can construct the algebra of the Klein-Gordon quantum 
field theory as the unital *-algebra generated by elements $m(0> * e CIq°(M) satisfying 
the following four conditions: 

The assignment t \- > <&m (£) is linear, (3.4a) 

$m(*)* = $ (^ (3.4b) 

[$M(i),$M(i')l =iE M (t,lf)l, (3.4c) 

$m(Pm*) = 0. (3.4d) 

While it can be observed that this algebra can be represented simply as a deformation of the 
symmetric tensor algebra Tq(EmC^°(M)) (see e.g. [9]), alternative ways of constructing 
this algebra can be seen in [2J [H]. The following treatment is based on [2] . 
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If we remove the condition (13.4d|) . then the algebra generated by the other three con- 



ditions is isomorphic to the unital *-algebra JP(M) comprising functionals on C°°{M) of 
the form 

N 

F {f] = J2 / d n xt n (x ll ... J x n )f(x 1 )---f(x n ), (3.5) 

n=0 JmX " 

where each t n is a totally symmetric finite sum of products of test functions in one variable: 

n 

t n (xi, . . . , x n ) = S ^J JJ^fc^fc) 

j finite fc=l 

for some (fj k G C£°(M), where S denotes symmetrisation. We denote the set of all such 
t n as J? n (M); we define &°(M) = C, and we may note that &\M) = C^(M). We will 
use the shorthand notation 

tn[f}= / d n Xt n (x 1 ,...,X n )f(Xi)---f{x n ). 

Jm x " 

For each F = J2 n =o^ n with t N ^ we define 0(F) = N < oo. 
The k th functional derivative of F — Yl n =o ^ n * s gi ven by 

N 

F^[f]( Xl , ...,x k ) = J>«[/](*i, • • • ,**), (3.6) 

n=fc 

where for k < n, 

t n ) [f\i x i^--^ x k) = 7 TTT / dx fc+ i---dx ri t n (a;i,...,x n )/(xfc + i) ■■■f(x n ). (3.7) 

(ra — /c)< J M x(n-k) 

For any / G Cg°(Af), we may regard the functional derivative F^[f](x\, . . . ,x k ) of an 
element F G JP(M) as an element of & k {M) for fc < 0(F). Addition in J^(M) is given 
by addition of functionals, and products of elements are defined by 

mm(0(F),0(F')) . k 

(F*F>)if}= J2 ^ k M {F^[f],F'^[f]), (3.8) 

fc=0 



where for t, t' G JF h (M), we have 

^m(M') = / d k xd k yt{x 1 ,...,x k )t'{y 1 ,...,y k )]~\E M {x j ,y j ), (3.9) 

andfora,/3G^°(M) = C, 



E% g (a,P) = ap. 



The product (13. 8p can be shown to be associative. The involution of F = J2 n=0 t n £ J?(M) 
is given by F* = ^2 n=0 t n , and the identity with respect to the * product is the constant 
functional 1[/] = 1. 

The algebra J^(M) is generated by elements satisfying conditions (13.4aj) — ( T3.4c|) . so it 
should be the case that we can recover the algebra srf(M) by reapplying condition (13.4dl) . 
The set ^(M), defined to be the set containing all elements F £ J^(M) satisfying 
F[E M f] = for all / £ C^(M), is a two-sided *-ideal in &(M) [2]; on taking the 
quotient &(M)/ J?(M) we obtain the algebra s$(M). We have the following result: 

Lemma 3.1. Let F = J2 n =o^n £ c/ {M) f or some spacetime M, where t n £ ^ n {M) for 
each n — 0, 1, . . . , N. Then 

Em n t n = 

as a (nonlinear) functional on C^°(M) for all n. 

Proof. If F = E!Lo*n e J(M) with t n £ ^"(M), then for any / £ C^(M) and K £ R 
we have 

N 

= F[E M ( K f)] = J2^tn[EMf]. 

n=0 

Consequently t n [EMf] = for each n, and so by fl3.5|) . and using the fact that for any 
g,g' £ Cq°(M) we have J M dx g(x)EMg'{x) = — f M dx g'(x)EMg(%), it follows that 

(E M ® n t n )[f] = (-l) n t n [E M f}=0. 

This holds for all / £ C^(M), so the result follows. □ 

The ideal ^(M) generates an equivalence relation ~m; i>e. for any F,F' £ JP(M), 
F ~ M F' if and only if F - F' £ ,/(M), or equivalently F[£ M /] = F'[E M f] for all 
/ £ Cq°(M). For any F £ J^"(iW), the equivalence class of F under ~m is denoted [F]m] 
the elements of the algebra &/(M) constitute the set of equivalence classes [F]m with 

Fe^(M). 

Throughout this paper, we will wish to define the pullback of a Loc-arrow ip : N <-) M 
on a functional F = ^2 n=Q t n £ JF(M), with t n £ JF n (M). Therefore, we denote 

N 



rF = J2(^ n )*tn. 



n=0 



In order to construct the Klein-Gordon QFT as a locally covariant theory, we must now 
define the action of the Alg- arrow gtf(ip) for an arbitrary Loc-arrow ip : N <->■ M. Given 
such a ip, we first define a map 

&($) :&(N) -+&{M) 



To see that ^(ip)F is indeed an element of JP(M) for any F G J^(iV), note that for 
F = Zn=o t n,tn£^ n (N),weh a ve 

N 

W)f)[/] = E . d n xt n (x 1 ,...,x n )f(i>(x 1 ))---f(i>(x n )) 



n=0 

N 



N 



Xn 



y2 / d n x ^*t n (xi, . . . , x n )f(xi) ■ ■ ■ f(x n ) 

n=0 J M 



for any / G C°°(M), where the pushforward ip* : J? n (N) -» J^ n (M) is defined as 




otherwise. 

Since if)~ l : ip(N) — )■ AT is a diffeomorphism, it follows that each ip*t n is an element of 
JP n (M) as required. We define the action of ip* on arbitrary F G &(N) by linearity, and 
note that ip*ip*F = F. For F G ^(M), it also holds that t/j*ip*F — F if and only if the n th 
component of F is supported in ip(N) xn for 1 < n < 0(F). We may naturally define the 
push- forward on elements of C£°(N) by identifying it with the push-forward on ^ l (N). 
We will now construct the map £/(ip) : g/(N) —¥ &/(M) for a Loc-arrow ip : N M- M, 
and demonstrate that under this definition stf becomes a covariant functor from Loc to 
Alg. 

Lemma 3.2. Let N, M be objects in Loc, and if) : N ^ M be a Loc-arrow. Then, for any 
F, F' G &{N) we have F ~ N F' if and only if ^(ip)F ~ M &($)F'. 

Proof. If &($)F ~m &($)F' then we have (&(if;)F)[E M g] = (&(if;)F')[E M g\ for every 
g G C^{M). Now, for every / G C °°(iV) it holds that E N f = tp*E M ipJ; since ipj G 
C°°(M), it follows that 

F[E N f] = (&(if>)F)[E M 1>J] = (&(i>)F')[E M iPJ] = F'[E N f}. 

Therefore F ~jv F' . 

Now suppose that F ~jv F' . Since 0(F), O(F') are finite, it follows that there is a 
compact region K C N with the property that the support of the n th components of both 
F and F' lie within K xn for 1 < n < max(0(F), O(F')). Let £jv be a Cauchy surface 
for N, and consider the intersection S = Jn{K) fl Sjv; for any classical solution Em/, 
f G Cq > (M), it will always be possible to pick a smooth pair of functions (</?/, 7T/) on 
Sjv which are compactly supported and coincide with the Cauchy data for ip*EMf on 5 
(even if ^(Ejv) cannot be extended to a Cauchy surface for M). But since (ty?/,7r/) are 
compactly supported they provide data for a solution Fjvg, for some g G C™(N). It then 
holds that E^g must coincide with ip*EMf on the domain of determinacy of S; since this 
region contains K, it holds that (E^g)\K = (V ; *-^m/)|k- It follows that 

(&ty)F)[E M f] = {&W)F)[^E N g) = F[E N g] 

= F'[E N g] = (&^)F>)[^E N g\ = {^^)F')[E M f\. 

9 



Since the choice of / G C^°(M) was arbitrary, we may conclude that JP(ip)F ~m JP(ip)F'. 

D 

Lemma 3.3. Let N, M be objects in Loc, and ip : N ^ M be a Loc-arrow. Then &{ip) 
is a *-monomorphism. 

Proof. Let F G &{N) and / G C°°(M). Writing F = £n=o*« with t n G ^ n (N), we 
have 

AT AT 

n=0 rc=0 

Now let F, F' G ^(JV); we have 

t 

2 k k\ 



^)( f * f ') = Ei^)KP"[^' w [-])] 



„-fc 



= J2^ E N( F(k) ^^ F ' (k) ^-]) 

k 

But for any distributions t,t' G JP k (N), we have 

and it is also easy to see that for any F G J?(N), we have F^[^*/] = ^*(^"(^)F)^[/]. 
It follows that 

^)( nf ) = E^^ )f)<fc)H ' W)f)(t)H ) 
it 

It remains to show that ^(ip) is injective. If F, F' G JP(N) with F 7^ F', there exists 
some / G C °°(iV) with F[f] ^ F'[f}; it follows that (&(ip)F)[if;J] ^ (^(ip)F')[if;J], and 
therefore &{$)F ^ &($)F'. U 

The final result to prove for &{ip) is that it is indeed a covariant functor: 

Lemma 3.4. T7ie map & : Loc — > Alg which maps an object M to ,^{M) and an arrow 
ip to JP(ip) is a covariant functor. 

Proof. Lemma [3.31 shows that for a Loc-arrow ip : N <— >■ M, the map &{ijj) is indeed an 
arrow from JF(N) to J^(M). All that remains to prove is that =^"(idjvf) = idjr(M) for 
any spacetime M, and that ^(1^2) ° ^{ipi) = ^(ip2 ° V'i) f° r an y composable Loc- arrows 
ipi,ip2- These result directly from the observations that id* M f = f for any / G C°°(M), 
and that f*o^ = (*0 2 o ^x)*. D 
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We now define the map 



[F]n ^ [&(ip)F] M . 



We can see from lemma I3T21 that this map is well defined, and indeed injective; it must also 
be a *-homomorphism, as a direct result of the properties of & proved in lemma 13.31 We 
can therefore prove the following: 

Corollary 3.5. The map s$ : Loc — > Alg which maps an object M to &/(M) and an arrow 
ip to &/(ip) is a covariant functor. 

Proof. We have already shown that for any Loc-arrow ip : N ■— > M, the map £/(tp) is an 
Alg-arrow from &/(N) to &/(M). The required properties for srf to be a covariant functor 
follow directly from lemma I3.4I □ 

Lemma 3.6. Let ip : JVm- M be an arrow in Loc. Then A G £/(tp)(£/(N)) if and only 
if there exists F E &{M) such that A = [F] M , and F[E M f] = F[0] for every f eC^(M) 
such that supp(/) fl Jm{N) — 0- Moreover, the theory &/ is causal. 

Proof. Note that £/(ip)(&/(N)) comprises those elements A G £/(M) that can be repre- 
sented by those F G J?(M) with F = J2 n =o ^m t n ^ J&" a (M), with the property that each 
t n can be written as ip*t' n for some t' n G JP n (N). But these are precisely those F = J2 n =o ^n 
for which supp(t„) C N xn for n > 1, and so for such an F we have F[f] = F[0] for all 
/ G C °°(M) with supp(/) n N = 0. Since F ~ M F' if and only if F[E M f] = F'[E M f] 
for all / G C^°(M), it follows that F represents an element of srf (ip)(srf (N)) if and only 
if F[E M f] = F[0] for all / G C™(M) with supp(/) n J M (N) = 0. 

Now suppose that iVi and N2 are spacetimes embedded in M by Loc-arrows ipx,^ 
respectively, and that ipi(Ni) and ip2{N2) are causally disjoint in M. It follows that if 
A t G s^{^i)(s/{Ni)), i = 1,2, we may pick F 1 ,F 2 G &(M) such that [Fi] M = A u and 
that the n th component of Fi is supported in (i\Tj) xn . It is then clear from (13.81) . (13.91) that 
(F*F')[f\ = F[f]F'[f] for any / G C°°(M). It follows that [A U A 2 ] = 0, and therefore 
the theory is causal. D 

As a final note on this construction, we remark that a different construction of the 
Klein-Gordon scalar field theory is given in [9], where dynamical locality is proved in the 
massive minimally coupled case. The construction given above has the advantage that 
one is able to easily work with the elements of the algebra &/(M) themselves, rather than 
its generators only; this makes it easy to compute the relative Cauchy evolution for an 
arbitrary element directly. There is also a natural extension of this construction to the 
theory of Wick polynomials. 
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3.2 Construction of the Theory of Wick Polynomials 

We can extend the construction of the Klein-Gordon theory to a larger theory containing 
the Wick polynomials. The general aim is to include in the algebras of functionals previ- 
ously denoted JP(M) a greater range of distributions. The resulting enlarged theory will 
be denoted W. The following construction follows [2 J and [5]. 

We first need to establish the behaviour of the fundamental solution Em and the Klein- 
Gordon operator Pm on distributions. For a distribution t G T>'(M) (resp. £'(M), i.e. 
compactly supported distributions), and arbitrary / G Cq°(M) (resp. C°°(M)), we simply 
define 

(P M t,f) = (t,P M f). 

Since Pm is a formally self-adjoint linear differential operator, the restriction of the map 
P M ■ V(M) -)> V'(M) to C°°(M) is compatible with the previous definition of P M on 
smooth functions. 

Now, analogously to the case for smooth functions, we now wish to construct maps 
E~^ : 8 ' -¥ V satisfying 



E M P M t = t = P M E M t (3.10) 

supp(^i) C J M (supp(t)). (3.11) 



We therefore let E M t = (E M )'t: this expression is clearly a well-defined element of D'(M) 
for any t G S'(M), and this definition ensures that ( I3.10P is satisfied. Moreover, we may 
see that (13. lip is satisfied by noting that for any t G £'(M), f G C^°(M), we have 
J^-(supp(£)) fl supp(/) = if and only if supp(t) fl ^m( su PP(/)) = 0- We know that the 
maps E M satisfying (j3.ip . ( 13. 2 p are unique, so the restrictions of E M to C£°(M) must 
coincide with E M . As before, we let the fundamental solution E M '■ £'(M) — > V(M) be 
defined by Em = E M — E M , and therefore Em = —(Em)', as would be expected from 
the relation ( I3.3p . From now on, we will drop the bar from the notation and simply write 
E^t for a distribution t G £'(M). 

Recall that for any spacetime M, the algebra of functionals &(M) consists of elements 
of the form F = J2 n =o ^™> w ith each t n G ^ n (M) being a finite sum of finite products of test 
functions of one variable. We wish to include a much wider range of allowed distributions 
into the new theory W , but we must apply enough restrictions to ensure that the resulting 
expressions are well defined. We might naively assume that we can use the same product 
as defined in (13. 8p for distributions, but this is not the case. For example, consider two 
elements t,t' G J^(M); we see that for any / G C°°(M), 

(t*t')[f] = I dxdyt(x)t\y) (f(x)f(y) + l -E M {x,y) 

again, for t G S'(M xn ) we use the notation 

t[f] = (tj® n )= [ d n - l xt(x 1 ,...,x n )f(x 1 )---f(x n ), 
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so for any / G C^{M) we have t[E M f] = (-l) n (E M ® n t)[f}. When t and t' are test 
functions the second term above is well defined, but pointwise products of distributions are 
not always so, and we require both a condition on the existence of such pointwise products 
and a deformation of the product to ensure that all the expressions are well defined. We can 
find a suitable condition for existence of pointwise products in [12], namely Hormander's 
criterion: If t and t' are distributions, then the pointwise product t(x)t'(x) is a well-defined 
distribution if the set 

{(x, k + k') : (x, k) G WF(t), (x, k') G WF(t')} 

contains no element of the form (x, 0). 

It is well known (see e.g. [7]) that the wavefront set of the distribution E M (x, y) satisfies 



WF(E M ) C |J (V+ ;x x K-J U (V M;X x V+ ;y ), 

x,y£M 
xir^y 

where V M . X C T*M is the forward/backward light cone at x, and x •f-)- y indicates that x 
and y are connected by a null geodesic. We denote by Vj^ the union [j xeM V^. x . We then 
define for n > 1 (cf. [5]) 



ST n [M) = {te £'{M xn ) : t totally symmetric, WF{t) n (V+)* n U {V M Y n = 0}. 

As before we also define 3?°(M) = C Such a definition ensures that the expression 
J M x2 dxdyt(x)t'(y)E M (x,y) for t, t' G ^ X {M) is well defined (and more generally, that 



/ dxi dyt n (xi,..., x n )t'{y)E M (x 1 ,y) 

Jm x2 



for t n G & n (M), t G ^ : (M) is always a well defined element of ^ n_1 (M)). Analogously 
to the previous case, we wish to define an algebra 3?(M) comprising elements of the form 



N 



T = J2 f n ( 3 - 12 ) 



n=0 

with t n G 2? n (M). For any / G C°°(M) and T of the above form we define the functional 
derivative ^^[f] in the same way as detailed in f|3.6p and (j3.7p . It is clear from the 
definition of 3? k (M) that the functional derivative £?^ k '[f\ is an element of 2? k (M). 

It is shown in [5] that for any t G 3~ n [M.\ the wavefront set of (E M )kt has the 
property that WF((E±) k t) n (V^) x " U (V^) x ™ = 0, where (E± ) fe = l^" 1 ® E± ® l® n " fc . 
Since differential operators and multiplication by smooth functions cannot enlarge the 
wavefront set of a distribution, it follows that any element of £'(M xn ) which is obtained 
via application of any such operators and (-Ej^-)fc on an element of ^ n (M) must itself be 
an element of 3? n (M). 
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Unfortunately, the restriction on elements of , ( 7 n (M) alone does not solve the problem 
of ill-defined distributions. Note that for any g G C%°(M), the distribution t2(x,y) = 
g(x)5(x — y) has empty wavefront set, and is therefore an element of ^ 2 (M); however 

(t 2 *t 2 )[/]= / dxdyt(x)t{y) ( f(x) 2 f(y) 2 + 2iE M {x,y)f(x)g{y) -~E M (x,y) 2 

Jm x2 V z 

and the distribution EM{x,y) 2 is ill-defined since it does not obey Hormander's criterion. 
A solution to this problem is given in [2]: on each spacetime M , it is possible to find 
symmetric distributions H which satisfy the properties 

WF(E M + 2iH) = WF(E M ) n {V+ x V M ) 

and 

H(P M fJ') = (3.13) 

for all /, /' G C^°(M). There is no unique choice for H, and we denote by J$?(M) the set 
of all such distributions. It follows that the distribution (Em + 2iH) k is well defined for 
any k > 1 and H G Jif(M), and consequently we define a new product *h that acts on 
distributions as 

min(0(T),0(T')) . fe 

(r** t')[/] = £ ^m ; h (^ (fe) [/]^ ,(fc) [/]) , 

fc=0 

where for t,t' G 3? h (M), we define 

^■i((i, = / d k x d k yt( Xl , . . . , 2r fe )t'(|/i, . . . , y k ) \\{E m {xj, y,) + 2iH(x j ,y j )) 

for fe > 1. As before, we define E M . H (a, ft) = a(3. One can show that this product is 
still associative. We then denote by 3?h{M) the algebra comprising elements of the form 
given in f)3.12p with product *#. Addition and involution on S?h{M) are again given by 
addition and complex conjugation of distributions respectively. 

It is possible to show that for any pair H,H' G Jrff(M), the difference H — H' is 
smooth [2j Theorem 6], and also that the algebras 3?h{M) and 3?h'{M) are isomorphic; 
if we define the map 

\ HtH . : & H (M) -> & H ,(M) 

lO(T)/2\ 

T^ J2 ^((H-H') m ,T {2n) ) (3.14) 



n=0 



where for t G ST ln {M 



„ n 

(H-H'f n ,t)= / d 2n xt(x 1 ,...,x 2n )T](H(x 2 ^ 1 ,x 2j ) - H'(x 2j -i,x 2j )), (3.15) 

/ Jm x( ~ 2 ^ =i ' ' 
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then this is an isomorphism satisfying \h,h' = ^h 1 m ^H',H" ° ^h,h' — ^h,h" and 

T *H T = X hh ,(\h,H'(T) -kn' ^H,H'(T )). 

In exactly the same way that the set ^ (M) is an ideal for JP(M), it also holds that 
the analogous set 

J{M) = {Te P H {M) : T[E M f] = for all / G C °°(M)} 

(which is independent of the choice of H G Jif(M)) is an ideal for ^jj(M). We therefore 
define the algebra Wh{M) = ^h{M)/ J? (M). Since the equivalence class of an element 
T G ^h(M) does not depend on H, we will denote it unambiguously by [T] M , and if 
T -V G J\M) we will write T ~ M V as before. It follows from (13TT31 that T ~ M V if 
and only if Xh,h'T ~m Xh,h'T', so the isomorphism 

Ah,jt : *fc(M) -)• W H ,(M) 

[T]m ^ [Ah,^'^]m 



is well defined. We also note that the reasoning used to show lemma 13.11 can be similarly 
used to show the corresponding result; that if T G ^h(M) can be written T = ^ n=0 t n 
with t n G ^ n (M) for each n, then T G J {M) if and only if t = and 

E M ® n t n = (3.16) 

for all n = 1, . . . ,N. 

Since there is no preferred method of uniquely specifying some H G J4?(M) for each 
spacetime M, the above construction does not constitute a locally covariant theory, as 
we have not yet defined a unique algebra for each M . We therefore wish to construct an 
algebra W(M ) which is independent of the choice of H. Again following [2], we do this by 
letting W(M) comprise families of elements indexed by choice of H G J$?(M), as follows: 

W(M) = {(W^W ( M) : \h,h>W h = W H , for all H,H' G JT(M)}. 

Given W = (W H )He*(M)> W> = (W^W(M), we define (W + W') H = W H + W£, 
(W* W')h = Wh *h W' h and (W 7 *)^ = W H . These operations are clearly consistent with 
the compatibility condition Xh,h'Wh = Wjj>- Since this condition also ensures that each 
family W = (Wh)hej?(m) G W(M) is completely defined by any single entry Wh, it 
follows that W{M) ^ W H {M) for any H G Jf(M). 

Having given a prescription for defining W(M), we must now find a suitable definition 
for the Alg-arrow W(ip) corresponding to a Loc-arrow ip : N °— ¥ M. Throughout this 
section we will use the same notation as before for the definition of the pullback and 
pushforward of a Loc-arrow on an arbitrary functional. 

Lemma 3.7. Let N, M be locally covariant theories, and let ip : N '<-)■ M be an arrow in 
Loc. Then for any H G Jf(M), we have ^*H G Jif(N). 
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Proof. We have WF((jft) C </>*WF(t) for any smooth : N — > M and distribution t on 
Af [TT1 Theorem 2.5.11']. It is a clear consequence that we have equality whenever is 
a local diffeomorphism; this entails that when ip : N ^ M" is an arrow in Loc, we have 
W(fT) = ip*WF(T) for any T G V'(M xn ). Therefore 

WF(E N + 2iiP*H) = iP*WF(E M + 2iH) = WF(E N ) n (V£ x V N ). 

Moreover, if H(P M f,f) = for all f,f G C °°(M), it follows that ^*H(P N f,f) = 
H(P M ^*f, ip*f) = for all /, f G C^(N). Therefore ?/>*# G JT(iV). □ 

Note that for any Loc- arrow ip : N <—)■ iW, we may also say that WF(^f) = ^VTi^C/) 
for [/ G £'(AT xn )E] 

Now, for any H G J^(M) we define the map 

^hW : ^h(N) -)• 5ff(M) 

r^Tof. 

For any T = £^ =0 £„ G ^*#(JV), t n G ^"(iV), we have 

A? 



(.%(V0r)[/] = Z>.U/] 



n=0 



as before, and since t n is compactly supported for each n > 1, it follows that VF-F(^>*£ n ) = 
^ t lfF(i n ). Thus &h(iI))T is an element of ^(Af) as required. We can also use the same 
argument as for lemma [32] to see that for any T,T ; G ^*h{N), it holds that T ~jv T' if 
and only if & H (ip)T ~m &h(iP)T'. Moreover, the result of lemma I3T31 extends directly to 
<5^ (?/>), so it is indeed a *-monomorphism. Therefore the map 

W H ^):W rH {N)^W H {M) 

[T] N ^ [^ff(V)T] M (3.17) 

is a well-defined *-monomorphism. From this, we define the map W(ip) : W(N) — > W(M) 
by 

{W{i>)W) H = WhMW^h, (3.18) 

where H G J$?(M). It is easy to show that this definition is consistent with the compat- 
ibility condition: i.e. X H ,H'0^(tp)W) H = (W(ip)W) H > for all H,H' G Jf(M). We then 
have: 

Lemma 3.8. The map W : Loc — > Alg which maps spacetimes M to W{M) and Loc- 
arrows ip to W(tp) is a covariant functor. 



1 We require compact support of U here; if U € D'(JV), then we might not have equality, although 
(x 1 ,...,x n ;k 1 ,...,k„) €WF(ip*U)\ip*WF(U) only if x k 6 d(ip(N)) for each k. 
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Proof. It is trivial to show that for any spacetime M, we have W(id.M) — idjr(M)- It 
remains to show that for any Loc-arrows ipi '■ -^1 "~^ N 2 , ip2 '■ N 2 "— > M, it holds that 
W(ip 2 ) o IPIfh) = ^(ip2 o ^i). For any T G *^ 2 * ff (iVi) and JT G Jf?(M), we have 

^hM^hMT = T o ^* o ^ 2 * = 5k(^ o Vi)T. 

The desired result follows by ( 13TTTD . (IXTgj) . D 

The covariant functor #^ is thus a locally covariant theory which represents the extended 
algebra of Wick polynomials. We also have the corresponding result to lemma 13.61 

Lemma 3.9. Letip : iVM- M be an arrow in Loc. Then W G W(ip)(W(N)) if and only if 
there exists T G ^ H {M) such that W H = [T] M for some H G Jtf(M), and T[E M f] = T[0] 
for every f G C^(M) such that supp(/) fl Jm(N) — 0- Moreover, the theory W is causal. 

Proof. W G W(4)){W{M)) if and only if we have W H G W H (ip)(W rH (N)) for some (and 
consequently every) H G ,y^(M); the required results then follow using an analogous 
argument to that given in the proof of lemma 13.61 □ 

3.3 Spaces of smooth functions on space-times 

Before we consider the timeslice axiom and dynamical locality of the two theories, we 
discuss the following spaces of smooth functions on M , in addition to C^°(M) and C°°(M). 
We define 

C S °°(M) = {/ G C°°(M) : supp(/) C J M (K) for some compact K C M}, 
C™ ± (M) = {/ G Cf(M) : supp(/) C Jm(K) for some compact K C M }. 

We also use the following notation for the canonical embeddings 



^o,± 


: C™(M) -* C™ ± (M), 


i ±,s 


: Cf%(M) M- C S °°(M), 


Ls,oo 


: C s °°(-M") <-» C°°(M). 



We wish to demonstrate that there exist continuous maps E^ : C™(M) —¥ C^° ± (M) that 
satisfy E^ = l Sj00 o l± >s o E^- It is clear that for any / G C£°(M), the function E^f lies 
within the range of L Sy00 o t ±jS , we may unambiguously let E M = (i S;0O o L± t00 )~ l o £^-. To 
establish continuity we must first define the topologies on each of these spaces of functions. 
The spaces C°°(M) and C£°(M) can be constructed as convex topological spaces, as 
follows [T7J [TJ]. A compact exhausting sequence for M is a sequence (K n ) n£ ^ of compact 
submanifolds of M such that i^ n C K n +i for each n, and for every point p G M there 
exists iVeN such that p G i^ n for all n > N. Any space of smooth functions on a smooth 
manifold can be endowed with the C°° topology; we do not need to go into details here, 
except to say that the topology on C°°(M) is generated by seminorms PK n ,k, k,n G N, 
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where (K n ) n€N is a compact exhausting sequence for M, and PK n ,k(f) is given by the 
supremum over K n of the norms of all covariant derivatives of / of order no greater than 
k (using a Riemannian metric to induce the norms of the derivatives). The C°° topology 
on a space of smooth functions on M is then defined as the subspace topology induced 
from C°°(M). The topology of Cq°(M), on the other hand, is constructed as an inductive 
limit of the topological spaces C|? (that is, the finest topology such that each embedding 
l n '■ Cx n (M) <-)■ C£°(M) is continuous), where (K n ) n m is again a compact exhausting 
sequence for M , and C^(M) is the space {/ 6 C°°(M) : supp(/) C K} endowed with 
the C°° topology. Now, for any inductive limit X of locally convex spaces (X n ) nS N, and 
locally convex space Y, a map T : X — y Y is continuous if and only if each restriction 
T\ Xn '■ X N — y Y is continuous [HJ Theorem V.16]. Since the space C^ n {M) inherits 
the subspace topology induced from C°°(M), it follows that the embedding C£°(M) ^-y 
C°°(M) is continuous. 

Now, for a spacetime M we wish to endow C^°(M) and C^°±(M) with topologies in 
a similar way to that given for C^°(M) in [T?l [2j; starting with a compact exhausting 
sequence (K n ) neN for M, we consider the topological spaces Cf M , Kn AM) and C°° ± AM) 

defined analogously to Cf? n (M), and let Cf(M) and C™ ± (M) be the inductive limit of 
Cf , K AM) and C°° ± AM) respectively as n — y oo. We then have: 



Lemma 3.10. The embeddings to,±, t±,a ° n< ^ ^s,oc are 0,11 continuous in the relevant topolo- 
gies. 

Proof. For the sake of readable notation, we denote X n = C2? (M), Y^ = C"3.,„ AM) 
and Z n = Cf M r K s. Firstly, we consider l SiOQ : for any n <G N, the space Z n is endowed 
with the subspace topology induced from C°°(M), so the embedding must be continuous; 
therefore i s ,oc\z„ '■ Z n — y C°°(M) is continuous for all n, as required for continuity of l S;00 . 
Now, for each n we may factorise t±, s |y n as the composition of the embeddings of Y^ ■=->■ Z n 
and Z n ■=-> C^°(M); the former is continuous as Y^ has the subspace topology induced 
from Z n , and the latter is continuous by definition of C%°(M). Therefore l± >8 is continuous. 
Similarly, we may factorise io,±|x„ as the composition of the embeddings of X n ^-y Y^- and 
Y^ M- C%°±(M), both of which are continuous. Therefore t ,± is continuous. □ 

This also allows us to prove: 

Lemma 3.11. T7ie maps E^ : C^°(M) — > C£±(M) are continuous. 

Proof. We recall that if a topological space F is endowed with the subspace topology from 
a space Z, and the embedding is denoted i : Y ^-y Z, then a map T : X — y Y is continuous 
if and only if t o T is continuous. We note that X n = C^ n (M) has the subspace topology 
induced from C°°(M); since E^ : C~(M) ->■ C°°(M) is continuous, it follows that the 
restrictions i? M |x n : X n — >■ C°°(Af ) are all continuous. Denoting the canonical embedding 
by L n : X n ^-y C°°{M), it is clear that we may factorise E M \x n — i n ° E M \x n , so each 
E^\x n is continuous. Therefore E^ is continuous. D 
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We define 

E M : C °°(M) -+ C?(M) 

f >-)■ i s .{E M f) - i S:+ (E M f), 

which is clearly continuous; we also define E M : (C^°(M))' — ¥ V(M) by E M = —(E M )'. 
The map Pm may be considered to act on elements of Cf{M) and C^° ± in the obvious way, 

from which we see that strictly speaking P M E M f = t>o,± — E M PMf f° r an y / £ C£°(M). 

We say that a distribution £ E V(M xn ) is time-compact if there exist spacelike Cauchy 
surfaces S 1 * 1 C .M such that supp(t) C (J M (£ + ) fl J M (E~)) X ™. Note that the action of 
a time-compact distribution t is well-defined on / E C^°(-M x ™), since the intersection 
supp(t) fl supp(/) is compact. Therefore any time-compact distribution can be considered 
to be an element of (C^°(M xn ))'. We also say that a distribution t is future- compact if there 
exists a Cauchy surface S C M such that supp(t) C (J JW -(S)) X ™, and past-compact if there 
exists a Cauchy surface E C -M such that supp(t) C (J^(£)) xra . We may similarly see that 
a future-/past-compact distribution can be considered to be an element of (C^°±(M xn ))'. 

We then have the following result, which will be important later: 
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Lemma 3.12. LetuEV'(M), with u[P M f] = for all f E C^{M). Then there exists 
distribution t E (C^°(M))' such that u = EMt- 

Proof. Let Y^ 1 be two disjoint Cauchy surfaces in M with S + C J M (E~), and let x adv + 
X rct = 1 be a smooth partition of unity with x adv (x) = 0, x Kt ( x ) = 1 f° r x £ ^m(^ + ) 
and x adv (^) = 1; X rct ( x ) = for i G J M (£~). Now, let i] E C°°(M) be time-compact, 
and defined such that 7](x) = 1 for all x E J M (H + ) fl J M (Ti~), where S 1 * 1 C .M are further 
Cauchy surfaces disjoint from E 1 * 1 with S 1 * 1 C J^-(S ± ). We define the map r] s : Cf ) (M) — > 
C^°(M) by the action of multiplication by i]. We also consider ^ adv / rct : C^(M) — > 
C^°(M) as defined by action of multiplication. The operator Pm can be considered as an 
endomorphism acting on any of the spaces of functions we defined above; we may similarly 
consider it as an endomorphism on any of the dual spaces in question, by 

(P M u,f) = {u,P M f). 

We may then show that u = E M r]' s PM(x 3dv )' u i as follows. Let / E C£°(M) be arbitrary, 
then 

(E M v' s PM(x adv yu)if] = -{isPM{x &dv )'u)[E M f] 

= {i s P M {x^)'u)V + , s E M f} - ( V ' s P M ( X adv yu)[L-, s E M f] 
= u\x^P M r] s t + , s E M f\ - u[ X adv P M Vs^sE M f}. 

Since u[P M i] s L_ s E M f] = 0, we may use x adv — 1 — X TCt to see that 

(E M i s P M (x^)'u)[f] = u[x^P M <nsL + ,sE M f] + u[ X ret P M r] s i-,sE M f}. (3.19) 
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Now any g G C^° + (M) can be split into a sum of three functions g_, go and g + , with the 

properties that supp(g±) C J^ I {T J ± ) and supp(go) Q Jm(^ + ) ^ <^M(^~)-We may note that 
supp(<7_) and supp(go) are both compact, so we can consider go and g_ as elements of 
Cq°(M), whereupon 

9 = L o,+9- + ^o,+9o + 9+- 

By construction, we have rj s L +tS Lo t +go = go] the definition of x adv also shows that X ^19- = 
Ti#_ and x adv T 2 g+ = for any operators T\ : C °°(M) -)■ ^(M), T 2 : C™ + (M) -> 
Cq°(M) such that supp(Tj/) C supp(/) for all f,i = 1,2. It follows directly from these 
that if we let g = -EjJ^/ and split as described, then 



i,,lv ° ' ' L ' + ! ~ x* dv PMVsi + ,Lo, + g- + x^Pa -■ ■ ■■ - i,,lv 
P M Vsi+,sio,+g- + x adv - p Mfi'o- 



X PMVsL+^f = X PMVsl+,sLO,+g- + X PMVsL+,siO,+go + X MV Pm^+,s9+ 

,adv 



But / = Oo,+) 1 P M E M f = PMgo + PMg- + (>o,+) 1 Pm9+, so by the properties of x adv we 
have 

x^Puv^Jtff = P M r] 8 i + , a io, + g- + x ad V - x adv P M g- - x Mv M- 1 Pm9 + 

= P M ( Vs L + , s Lo, + -l)g- + x adv f- 

Since u is a weak solution and (r] s L +)S Lo,+ — 1)<7- is compactly supported, we have 

«[x adv PM?M+,^/] = ^x ad Y]- 

We may similarly conclude that u[x ret PmVsL- , S E M f] = u[x TCt f]. It follows from (I3.19P that 

(W.ftfCx"*)'*)!/] = u[ X adv f] + u[ X TCt f] 

= u[f]. 

This proves the required result, and also gives us an explicit example of a distribution 
t e (C£°(M))' satisfying u = E M t. D 

While we have been very careful with our definitions in this section, in the remainder of 
the paper we will not need to be so exact with our notation. Firstly, we make the observa- 
tion that since any multiplication operator \i between spaces of smooth functions is formally 
self-adjoint, it makes sense to write n't = fit for a distribution t and formally regard /it 
as the pointwise product of t with the underlying function /i e C°°(M). We will particu- 
larly use this convention when a distributional solution u is of the form u = Ej^t, where 
t G £'(M). Lemma EDJ tells us that E M t = E M rf e P M (x^)'EMt = E M 7]P M x^ E M t; 
however, regarding x adv EMt as a pointwise product allows us to see that in fact the dis- 
tribution PMX Adv EMt must be supported within the region J M (S + ) D J M (S~) where x adv 
is non-constant, by the properties of Pm and Em- Moreover, the support of PMX &dw EMt 
lies within J M (supp(t)), which has compact intersection with J M (T I + ) fl J M (E~), so the 
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support of PMX &dw E M t is compact. Since 77 = 1 everywhere within supp(PMX adv -E , M^) ) we 
may suppress r\ and instead regard PmX^^Em^ itself as an element of £'(M), writing 

E M P M X adv E M t = E M t. (3.20) 

Moreover PmEm^ = for any t £ £'(M), so we also have 

EmPmX™ EmI = —EMt- 

4 The timeslice axiom and relative Cauchy evolution 

It is well known that both the Klein-Gordon theory [3] and the enlarged algebra of Wick 
polynomials [5] obey the timeslice axiom. However, we will give a proof that the timeslice 
axiom holds in both cases, since the construction is different to that used in the aforemen- 
tioned references, and since we require an explicit expression for the inverse maps £/(if>)~ 1 
and W (if)) _1 when ip : N ■=->■ M is a Cauchy arrow. 

4.1 The timeslice axiom for the Klein-Gordon Theory 

In order to compute the relative Cauchy evolution for either jz/ or #, we must first 
demonstrate that they obey the timeslice axiom. It is worth asking first whether the 
theory & obeys the timeslice axiom; since the construction for & contains no condition 
relating to the field equation, we should not expect & to obey the axiom, and indeed this 
is the case: let N, M be objects in Loc, and if> : N <— >■ M be a Cauchy arrow in Loc. 
Suppose that if>(N) 7^ M ; then, pick some nonzero t £ ^ X (M.) whose support lies within 
M \ if)(N). Clearly t[t] ^ 0, but as ip*t = 0, we have (&(ifj)F) \t] = for all F £ &(N). 
Therefore ^(if>) is not surjective, and consequently cannot be invertible; hence &■ does 
not satisfy the timeslice axiom. 

To demonstrate that &/, on the other hand, does obey the timeslice axiom, we use 
following lemma, which is proved in [Bj (and can also be seen to be a consequence of 
lemma I3TT21 see (ETSnjl ). 

Lemma 4.1. Let £ adv ,£ rct ft e disjoint Cauchy surfaces in a globally hyperbolic spacetime 
M, with S rct C J^(£ adv ), and let x adv + X rct = 1 be a smooth partition of unity on M with 
x adv (x) = 0, x (x) = 1 for x £ J M (Z rct ) and x adv (x) = 1, x re \x) = for x £ J M (^ dv ). 
Then 

EmPmX & Y E M f = E M f, 
EmPmX™ E M f = —E M f 

for all f £ C™(M). Moreover, P M X adv/ret E M f £ C™(M). 

Defining (t = P M X &Aw E M t for t £ J^(M), it follows directly that given S adv , S ret and 
X adv , x ret defined as above, for any t £ JP" n (M), n > 1, we have 

supp(O) c (j+ (s adv ) n J M (s rct )) xn n su W (E M m t). 
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Clearly (® n maps elements of JP n (M) to elements of JP" n (M ). We also note that by lemma 
14.14 we have 

C n t[E M f] = (-l) n (E M (f n t[f] 
= {-l) n E M ® n t[f\ 

= t[E M f] (4.1) 

for any t G ^ n (M), n > 1 and / G C^{M). It follows that if we define 

Z:&{M) ^ &{M) 

N N 

J>n^ J]C®% (t n e& n (M)), 

ra=0 rc=0 

we have ZF ~ M F for all F G &(M). 

Lemma 4.2. The theory &/ obeys the timeslice axiom. 

Proof. Suppose that ip is a Loc-arrow from N to .M with the property that ip(N) contains 
a Cauchy surface for M. We will always be able to find a second Cauchy surface for M 
in ip(N) which is disjoint to the first; we denote the Cauchy surface to the past by S adv 
and the one to the future by S ret , and define the operator Z as above using these Cauchy 
surfaces for the construction; it follows that for any F G ^(M), the n th component of ZF 
is supported in ip(N) xn for each n > 1. We then define 

&(i[>) :&{M) ->■ &{N) 

F h-> ^*ZF. (4.2) 

For any F G J^(M) and / G C°°(M), we then have 

H^ { M)(^(m^)F)[f} = (J?{i>)i>*ZF)[f] = rZF{rf] = WZF[f]. 

But since the n th component of ZF is supported in ip(N) xn , we have ip*ij)*ZF = ZF. 
Therefore &(ij>)&(ij>)F = ZF. Now suppose that F G &(N) and / G C°°(N); then, 

(Sf(V0-*WF)[/] = W)(^)[/] = ^*Z(^F)[/]. 
Writing F = J2n=o f n, with *n e ^ n (N), we have 

A? 



^(^) = J>*OMr, 



n=0 

But notice that for any t G ^(M), / G C£°(M), we have 

{rCM[E N f] = (P N r(x adv E M At))[E N f] = (P N ((ij*X adv )E N t))[E N f] =t[E N f] 
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by (14.1 p and lemma I4TT1 We have therefore shown that JP(ip)&(ip)F ~m F for all F G 
&{M\ and <§{$)& {$)F ~ N F for all F G &(N). 

Next, we observe that if F, F' G &(M) with F ~ M F', then we have &(if>)&(i{/)F ~ M 
& '(i/j)& '(ijj) F 1 '; by lemma l3~2l we then have &(tp)F ~jv @(ip)F f , This means that the map 

[F] M ^ [#(V)*V 

is well defined, and we can conclude that 3&(i/)) o £/(if;) = id^(jv), and &?{jp) o SB(^i) = 
id^(M)- Therefore £/(ip) is invertible, and so srf obeys the timeslice axiom. D 

4.2 The timeslice axiom for the theory of Wick Polynomials 

We now proceed to the timeslice axiom for W , adapting the proof given for an equivalent 
construction in [5] for the construction used here. Suppose that ip : N <—)■ M is a Cauchy 
arrow in Loc. We can then find two disjoint Cauchy surfaces £ adv , S rct C ip(N) for M with 
vjrct (- j+^. (s adv ). As before, we choose a smooth partition of unity x adv + x 10t — 1 with 
x adv (x) = 0, x vct (x) = 1 for x G JM(S ret ) and x adv (a;) = 1, X ret (x) = for x G J M (£ adv ). 
It follows that if we again define (t = PmX Ej^t for any t G , ( 7 1 (M), and for any 
H G JT(M), we let 

Z : P H (M) -> & H {M) 

N N 

^n-^C^X (t„G^"(M)), 

n=0 n=0 

then by (I3.20p . ZT ~ M F for all T G ^ff(JW), and T is compactly supported in ip(N). 
Moreover, since Z is constructed from differential operators, multiplication by smooth 
functions and applications of E M , we recall from our previous observation that Z must 
indeed map elements of ^h(M) to elements of 2?h{M). 
Therefore, if we define 

T !->■ i)*ZT, (4.3) 

then the same argument as used in the proof of lemma I4T21 shows that ^(^),5^(^)T ~ M T 
for all T G & H (M) and ^k(^) &k{il>)T ~jv T for all T G & rH (N). 

Now, if ip(N) contains a Cauchy surface for .M then for each H G Jif(N) there is 
precisely one H' G J^(M) with ■0*iif / = if , as a result of the condition (I3.13p . We will 
denote this extension by ip,H. Now suppose that W = {Wh)h&j?{m) G W{M) with 
H^ = [Ty], for some T H G <% (M ) for each H G Jf (M). We then define 

% H W) : W H {M) -> ^(JV) 

[T] M -> [^(VO^V (4-4) 
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This then gives us a map %f(ip) : W(M) — > W{N) with the property that for any 
H e J^{N), we have 

{W{iP)W) h = %. h {iP)Wtp. h . 

It is easy to show that W(ip) o ty^ip) = id^(M), and ^(ip) o W(ip) — '^w(n)- Therefore 
^f(ip) = #^(?/>) _1 and so W obeys the timeslice axiom. 

4.3 Relative Cauchy evolution for the Klein-Gordon Theory 

In order to demonstrate (or rule out) dynamical locality for gtf or W , we must first compute 
the relative Cauchy evolution of an arbitrary element; this has already been done for the 
scalar Klein-Gordon theory in [3] for a different construction, and we will derive a similar 
expression in our formalism. We begin with the theory &&] we fix h G H(M) and choose 
two subspacetimes N C M , such that: 

• each N is an object of Loc, and their embeddings into M are arrows in Loc, 

• each N contains two disjoint Cauchy surfaces E^f^ElJ* for M with the property 
that E^ dv C J M (S r ± et ), 

• each N is disjoint from the support of h, and N C J M (supp(/i)). 

We now choose two smooth partitions of unity Xi^+Xi* = 1 f° r M, with the property that 
x f v (x) = 1, xf(x) = for x G ^m( S ± v ) 5 and Xf v (x) = 0, xT( x ) = 1 for x G ./£(££*), 
and define 



C*: J^(M) ->&\M) 

t ^ P M xf w E M t. 



As before, we also let 



Z ± :&(M) -¥&(M) 

N N 

E^^E(^)^n (t n eJ? n (M)). 



n=0 n=0 



Additionally, we define 



t H- PM[h]X± v EM[h]t, 



and define Z ± [h] : &{M[h\) ->■ &{M[h\) in an analagous way to Z ± . 

Now, if we denote by ^, ^[h] the embeddings of N into M and Af[/i] respectively, 
it is clear that the Alg-arrows ^/(l ± ), ^/(^[h}) act as 
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and for any F E ^(iV ± ), / E C°°(M) we have 

(n^)F)[f]=F[f\ N± ] = (^(^[h})F)[f]. 
Moreover, from lemma H~2l we can see that the inverse arrows ^/(l^)" 1 , ^/(^[h])^ 1 act as 

^(. ± [/ l ])- 1 [F] M[ , ] = [9{t±[h])F] N ±, 
where for any / E C°°(AT ± ), F E &{M) and F' E &(M[h]), we see from (TJ~2]) that 

(Sf( 4 ± )F)[/] = (Z ± F)[^/], 
(^ ± [fc])iO[/] = (^ ± W^)[* ± W*/]- 

It follows that for any A = [F]m £ &/(M), we have 

rce M [^ = ^'(t~)^'(r[fe])-W(t + [/»])^'(t + )- 1 i4 

= [^(,-)^(,-^])^(. + [/ i ])^(, + )F] M . 

Now, for any / E C°°(M) and F E &{M) we have 

(^(^[h}W(^)F)[f] = (Z + F)\ N+ [f\ N+ ], 
but since the range of Z + is contained in l + (N + ), it holds that 

&{i + [h]) o ^( fc +) = t +[fc]» o {i+y o Z+ 
and similarly 

&(r) o sf (r[fc]) = t~ o fc -[fc]* o z - [fc]. 

Explicitly, the relative Cauchy evolution of A — [F]m is therefore given by rceM[^]^4 = 
[B[h]F] M , where 

B[h] : &(M) -» J?(M) 

AT AT 

n=0 n=0 

and 

/3[/i] \&\M) -+ &\M) 

< ^ ^WX^^MI^MxffiMt (4.5) 

This definition is independent of the choice of x± dv , provided that the regions N in which 
they are non-constant lie strictly to the future/past of supp(/i). 
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4.4 Relative Cauchy evolution for Wick Polynomials 

We now calculate the relative Cauchy evolution of an element W G W(M) generated by 
a perturbation h G H(M). While the calculation is largely similar to the process for 
calculating the r.c.e. of an element of &/(M), there are some subtleties introduced by the 
need to specify an H G Jif(M) to form the algebras 3?h{M). We will proceed as before, 
fixing some h G H(M) and defining N , £5_ dv , E^* and v^ and t ± [/i] as in the previous 
subsection. The relative Cauchy evolution of an element W G W(M) is given by 

ice M [h}W = {W{r) o %{r[h)) o W{i + [h}) o W{l + ))W. 

But when we calculate the component corresponding to H G Jif(M), we see that 

(rce M [/i]W% = (^(O^MW^MMOWO* 

= ^(^)% h (^W)^ h (^W)^(^)^ A (4-6) 

where for any H G Ji?(M), the distributions #& G J$?(M[h}) and H h G Jf (M) are 
defined by 

# h = r[h}.(c)*H 

H h = i+r[h]*H h . 
This definition is independent of the choice of N , as a consequence of (I3.13p . 

Lemma 4.3. Let M be a spacetime, and h G H(M) a metric perturbation on M. Suppose 
that H G J$?(M), and let H^ N^ 1 and x± dv be defined as above. Then 

H h = (EM^typMi^xtyEm^ypMix^yf'H, (4.7) 

where x± dv : C^°(M) — > C£°(M) are the multiplication operators induced by the functions 
^,adv e C°°(M), and rjf : Cf(M) — > C^°(M) are defined as multiplication by time-compact 
smooth functions rr^ that are supported in iNP, such that rf 1 = 1 in the region in which 
X± v is non-constant. 

Proof. Since if is a bisolution, we see from the proof of lemma 13.121 that 

(E M ( V fyP M (xf v Yf 2 H = H. 



N~ 



Since rf 1 is supported in N , it follows that ((^)'-PM(x± dv )') H is supported in (N z 
and therefore 

H h \ N - = H\ N - = ^ 2 _ (((r/D'PMCx^)') 02 ^ 

Since the action of our multiplication operators does not depend on the metric of the 
underlying manifold, we may also consider them as maps on the corresponding function 
spaces on M[h}; since Hh is a bisolution on M[h] and Em\h]\n- = E N -, it follows that 

H h = {E M[h] { v -yp M { x ^yf 2 H. 
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A similar argument yields H h = (E M (ri+)' Pm^X^)') H h , and so (14. 7p is satisfied^ D 

Lemma 4.4. Let M be a spacetime, with a metric perturbation h G H(M). Suppose also 
that H G Jif(M), and let Hh be defined as above. Then supp (H — Hh) C (Jm(supp(/i)) x2 ). 

Proof. Let x G M, with x ^ J^ (supp(h)). Since supp(/i) is compact, we can find a 
choice for iV~ with x G iV~. It follows that H(x,y) = Hh(x,y) for all x <£ J^(supp(/i)). 
Similarly, if x ^ J^- (supp(/i)) then we can find a choice for N + with x G N + . There- 
fore H h (x,y) = H h (x,y) for all x <£ J M (supp(h)). Consequently, if x G supp(/i) ± then 
H (x, y) = Hh{x, y). The required result follows by symmetry of H. □ 

The coherency condition on elements of W(M) tells us that ( 14.61) can be expressed as 
(rce M [h]W) H = W H (i-)^ h (i-[h])W^ h (L + [h])^ h ( L + )X HA W H . 

Explicitly, we can then see from ()4.3p .( H~4"j) that the relative Cauchy evolution of an element 
W = {W h )h&.^(m) e W{M), where each W H can be represented by T H G & H (M), is 
given by 

(rce M [h]W) H = [B H [h]X„ s T H ] M , 



where 



B H [h] : 3T 6 (M) -> & H (M) 

N N 

J^tn H4 J>[*]®X (t n G ^"(M)), 



n=0 ra=0 



with 



/3[h] : ST l [M) -)• ^(M) 



as before. 

Before we proceed to the dynamical locality of &? and ^ we will need the following 
results. The lemma is proved in appendix |A] (cf. [9, Eqn. 8]). 

Lemma 4.5. Let M be a spacetime and let t G S/'^iM) for some H G J4?(M). For any 
h G H(M) and f G C^(M), we have 



^[sh]t)[E M f] 



dvol M h ab T ab [E M t,E M f], 

=0 JM 



2 Note that (J4.7I) strongly resembles the action of the map (3[h] defined in (I4.5p . albeit with N + and 
N~ interchanged; indeed, if we consider the subcategory of Loc containing only Cauchy arrows, we can 
regard Jf as a functor from Loc to a suitable category of distribution spaces, with Jrf?(ip)H = tp,H. This 
functor can be seen to be covariant; the resemblance remarked above can be explained by noting that 
we may define the relative Cauchy evolution of the functor Jif in the same way as for a locally covariant 
theory; this then satisfies rce M [h]H = H. 
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where 



T ab [u,<p} = (v< fl u)(v*V) - \g ab (y c u)(y c <p) 

+ -m 2 g ab U(j) + £(g ab n g - V a V b - G ab ){u<f)) 

for u G E M *?\M), G EmC^(M). 

Note that the above expression is closely linked to the classical stress-energy tensor 
for the Klein-Gordon theory, which we may recover via T a6 [0] = T ab [(f), 0] for a smooth 
classical solution 0. 

This result leads directly to the following: 

Corollary 4.6. Let t n G ST^{M) for some H G Jff(M) and f G C£°(M). Then 

dvol M h ab T ab [E M r^E M f], 



±(P[sh]f n t n [E M f] 



= n 

s=0 J M 



where 



rf{x) = d n l yt n (x,y 1 ,...,y n „ 1 )E M f(y 1 )---E M f(y n _ 1 ) (4.8) 

J M x(n-l) 

for n > 2, and rj(x) = ti(x). 

Note that the previous two results also apply to the elements of JP l (M) and JF n (M) 
respectively, since we can consider any element of JF n (M) as an element of 3?h(M) for 
any H G J?(M). 

5 Dynamical Locality 

5.1 Dynamical locality of the £ ^ Klein- Gordon theory 

It has already been shown in [9] that the Klein-Gordon theory is dynamically local in the 
case when £ = and m ^ 0, and that it is not dynamically local when £ = and m = 0. 
We wish to show that the Klein-Gordon theory stf obeys the axiom of dynamical locality 
in the nonminimally coupled case, when £ ^ 0, for both m = and m > 0. Therefore, 
we pick some spacetime M and O G <ff(M). The algebra ,g/ km (.M ; O) is defined to be 
the algebra srf(M\o); we recall from lemma I3H1 that for any Loc-arrow ip : JV ■— > M, the 
algebra £/(ip)(£/(N)) comprises elements A = [F]m such that F[EMf] = F[0] for every 
/ G Cq°(M) such that supp(/) D Jm(N) = 0. It follows that F represents an element of 
a|£ (X kin (M;0)) if and only if F[E M f] = F[0] for all / G C^{M) with support lying 
in a = (cl 0) ± . 

We can see from ([21]) and (J22J that if srf*(M;K) C a k ^. (^ kin (M; O)) for each 
spacetime iVf , O G &(M) and i^ G J?T(iVf; O), then £^ obeys dynamical locality. There- 
fore, suppose that A G £/*(M;K); from the definition it follows that rceM[^]^4 = A for 
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all h G H(M; K ). Now, suppose that A is represented by a functional F G JP(M). This 
means that 5[/i]F ~ M F for all h G #(M; if- 1 ), and consequently B[sh]F - F G / {M) 
for all s G R sufficiently small that sh G H(M; K- 1 ). Writing F = '^2 n=0 t n , with each 
t n G JF n (M), we can refer to lemma [5TTI to see that for n — 1, . . . , N, we have 

((/3[^]) "g[E M /] = t n [E M /] (5.i) 

for all / G ^(M) and for all h G #(M; tf- 1 ). 

Now, for each n > 1 we differentiate (j5.ip with respect to s and set s = 0; by corollary 
14.61 this yields 

/ dvol M h ab T ab [E M T^E M f] =0 
Jm 

for each h G H(M; K L ) and / G C£°(M), where r^ is defined as in 1Q]1 . It follows that 
for all n > 1, we have 



T afe [£ M r?,£ M /](x)=0 



'/■ 
for all x G if -1 . 

Now consider an arbitrary point x G K- 1 , and a null geodesic u : I — > K- 1 , where I C R 
is an open interval containing and w(0) = x. Since w is a null geodesic, it satisfies both 
u a u b g a b = and u a V a u 6 = 0, where u a is the tangent vector to u. For each point q on 
the geodesic we have u a (q)ub(q)T ab [E M r^ , E M f](q) = 0, and consequently for our chosen 
x G K 1 - we have 

(V u E M T?(x))(V u E M f(x)) + f (-V* - i2a6(x)«V) (( J B M r;(x))(E M /(x))) = 0. 

Note that this is equivalent to 

(1 - 2t)(y u E M T]{x)){V u E M f{x)) - iR ab u a u b {E M r 1 }{x)){E M f{x)) 

+ i{E M T]{x)V 2 u E M f{x) + E M f{x)V 2 u E M r]{x)) = 0. (5.2) 

It follows that for any / G C^(M) for which E M f(x) = = V u E M f(x) and V 2 u E M f{x) ^ 
0@ we have E m tJ(x) = 0, as £ ^ 0. 

In the case that n = 1, we have EmtI = Ej^ti for all /, so we immediately see that 
EMt\{x) = for all x G -ft' -1 . Now, we look at the case where n = 2. We have Emt 



[x 



f M dyt 2 (x,y)E M f(y), which is linear in /. Let / be chosen such that E M f(x) = = 
V u E M f(x) and V^Em/^x) ^ 0; additionally, we choose /' G C^(M) such that supp(/') C 
{x}- 1 . Then EmJ + FmJ' = FmJ in an open neighbourhood of x, so 

E M Tf,(x) = E M Tf +f ,{x) - E m t 2 } (x) = 0. 



3 Such a solution always exists; we may explicitly construct one as follows. We work in normal coordi- 
nates q a in a neighbourhood S 3 x such that x is at the origin, and the q° = hyperplane is a subset of 
a spacelike Cauchy surface £ C M, and we take our null geodesic u such that in coordinates, the tangent 
at x is u a (x) = (1, 1, 0, . . . , 0). Then any solution ip is uniquely determined by its data (<p, it) on S, where 
¥>(<?) = V'IeG?) an( i 7r (9) = (^ 7 oV')|s('?)- It is then easy to check that defining <p(q) = (q 1 ) 2 , n(q) = for 
q E Tj H S gives us a solution ip satisfying the above conditions. 
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It follows that for any /' G C£°(M) supported outside Jm( x ), we have 

/ dy(E M ®H 2 )(x,y)f'(y) = -E m t}{x) = 0. 

J M 

Therefore EM® 2 t 2 {x,y) = whenever x G K 1 - and y G {a:} -1 . 

However, by the definition of ^ 2 (M), we have E M m t 2 (x, •) G E M C™(M) for any fixed 
x G M, and it is therefore a smooth classical Klein-Gordon solution. If E is a spacelike 
Cauchy surface containing x, then the data for EM® 2 t 2 (x, •) on E is supported in {re} for 
any x G i^ -1 by the above result. But the data for a smooth solution is itself smooth, and 
therefore cannot be both nonzero and supported at a point. Consequently EM® 2 t 2 (x, y) = 
for any (x,y) G K L x M, and by symmetry we have supp(-E M ® 2 £ 2 ) ^ Jm(K) x2 . 

Now, consider the case where n > 2. Suppose that we have /, /i such that EmJ{x) = 
= V u £m/(^), Em/i(x) = = Vu-EW/iOe), and Em/(x) ^ 0. Then, for sufficiently 
small /t we have EmtJ +k s 1 {x) = 0. Therefore, by symmetry of £„ we have 

4r ; » + (-l)"- 1 ^ - 1)« / rf""^ [(£ M %O(x,yi, • • • ,y„-i) 

J M x(n-l) L 

/l(yi)/(l/2)---/(l/n-l)]+^ 2 )=0. 

Differentiating this expression with respect to /t and setting k = 0, we have 

/ d n -'y (E M ® n t n )(x : yi , . . . , y n . 1 )f 1 (y 1 )f(y 2 ) ■ ■ ■ f(y n -i) = 0. 

Jjyxfn-l) 

We may repeat this argument to see that 



d n ~ v y (E M ® n t n )(x, yi , . . . ,j/ n _i)/i (j/i) • • -/„_i(yn-i) = 

M x(n-1) 

for any / 1; . . . , / n _i such that E M fi(x) = = V u E M fi(x), i — 1, . . . , n — 1. It follows that 
for any xi G -ft' -1 , we have £m 8 X(ii, • • • , #n) = whenever at least one of x 2 , . . • , x ra lies 
in xi -1 . Fixing xi G K ± , we note that EM® n t n (xi,yi, . . . ,y n -i) is a smooth Klein-Gordon 
(n — l)-solution; its data on a spacelike Cauchy surface E 3 x is supported in {a;} x ^™ _1 ^. 
Consequently we must have E M ® n t n (xi,yi, . . . , y n -i) = for x\ G -ft' -1 , y±, . . . , y n -\ G M 
by smoothness. Therefore we have proved the following lemma: 

Lemma 5.1. Let M be a spacetime and let t n G & n (M), n > 1. If O E <ff{M), 
K G Jf(M;0) and ((/3[sh]f n t n ) [E M f] = t n [E M f] for all f G C °°(M) and for all 
heH{M-K L ), then 

supp(£ M X) C J M (K) xn . 

From here we may prove the following result: 

Theorem 5.2. The Klein- Gordon theory is dynamically local in the nonminimally coupled 
case, for all m > 0. 
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Proof. Recall that for any spacetime M and G @(M), the algebra a^ o (,0 /kin (M; 0)) 
comprises elements represented by functional F with the property that F[E M f] = F[0] 
for all / G C^(M) supported within O' . To demonstrate that the theory is dynamically 
local, it is sufficient to show that sf(M; K) C a^ n ;0 (^/ kin (M; O)) for all K G JT(M; O). 
Given such a i^, and an element A G £/'(M; K) represented by F = ^2 n=0 t n , with each 
t n G ^ n (M), we may see from ([51]) and lemma O that supp(£ M ® n £ n ) C J M {K) xn 
for each n = 1,...,N, and subsequently t n [E M f] = for all / G C^°(-ft'- L ). Therefore 
in particular we have F[E M f] = t = F[0] for all / G C£°(0'), and so F represents an 
element of a^. (^/ km (M ; 0)). Consequently the theory is dynamically local. □ 

5.2 Dynamical Locality of the algebra of Wick Polynomials 

We now proceed to examine the cases in which we can demonstrate dynamical locality 
for the theory W . We begin by looking at the minimally coupled massless case. The 
corresponding case for the Klein-Gordon theory is not dynamically local, and so one would 
not expect dynamical locality to hold here. Indeed, this is the case; when £ = m = 0, 
any constant function is a classical solution to the Klein-Gordon equation. Therefore, in 
any spacetime M with compact Cauchy surfaces, the function 4>(x) = 1 is an element of 
E M C$°(M). However, we have T ab [(f),E M f} = 0; it follows that for any t E &\M) such 
that E M t = 1, we have t G W dyn (M; O) for any O G 0(M). But it is also the case that 
if we pick / G C^{0') with J M dxf{x) ^ 0, then t[E M f] ^ 0; therefore, t $ W kin (M; O). 
We may, however, demonstrate dynamical locality in two cases. To do this, we need 
the following results: 

Lemma 5.3. Let M be a spacetime with O G &{M) and K G Jf (M; O). Let t n G & n {M) 
for some n > 0, and suppose that for all f G C^°(M) and h G H(M; K ) we have 

f dvol M h ab T ab [EMT^ E M f] = 0, (5.3) 

J M 

where r? is defined as in (14.81) . Then, in the massive minimally coupled and massive 
conformally coupled cases, we have supp(E M ® n t n ) C J M (K) xn . 

Proof. We will consider the massive minimally coupled case first, in which m ^ and 
i = 0. Clearly T ab [E M rf, E M f](x) = for all / G C °°(M) and x G K L ; now, we fix 
x G K 1 - and pick some / G C^°(M) such that (EMf)(x) ^ 0. In the case where M has 
dimension 2, we note that 

= g ab T ab [E M Tj,E M f](x) = m 2 E M T?(x)E M f(x), 

and consequently EmT?(x) = for any such /; in higher dimensions, we choose normal 
coordinates at x oriented such that V2-Em/(3 ; ) = • • • = Vd-i-Ejw/OzO = 0, and define v a b 
such that in these coordinates we have Vqq = 1, Vn = — 1, and all other entries zero. It 
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follows that v ab g ab {x) = 2 and v a M a E M rf{x)V b) E M f{x) = V a E M Tf(x)V a E M f{x), so 
that we have 

= v ab T ab [E M rf : E M f](x) = m 2 E M r'}{x)E M f{x). 

Again, we may conclude that EmtJ(x) = for any such /. 

When n = 1 we deduce immediately that EMt\(x) = for all x G K L . For n = 2, we 
note that t 2 is linear in /, and as any / G Cq°(M) may be expressed as / = /i — fi where 
E M fi(x) ^ ^ E M f 2 {x) we have E M r](x) = - J M dy (E M ®%)(x, y)f{y) = for all / G 
C °°(M). Therefore E M m t 2 (x,y) = for all x G i^, and so supp(£ M 02 £ 2 ) C J M {K) x2 
by symmetry For n > 2, we pick / G C °°(M) with E M f(x) ^ and let /i G C£°( M ) 
be arbitrary; for sufficiently small k we have Em r /+« ; /i (^O = 0- We differentiate this 
expression with respect to k; and set k = 0, which yields 

/ d n ~ x y (E M ® n t n )tx, y h ..., y„_i)/i(3/i)/(2/ 2 ) • • • /(j/ n -i) = 0; 

J M x(n-l) 

we may then repeat this argument to see that 

d n - l y (E M ® n t n )(x, Vl ,..., y„_i)/i(j/i)/ 2 (y 2 ) • • ■ f n -i(y n -i) = 

for any /i, . . . , f n -i G ^(M). It follows that E M ® n t n (x, y u . . . , y n _0 = for all x G K^, 
and by symmetry we have supp(E M ® n t n ) C J M (K) xn . This concludes the proof for the 
massive minimally coupled case. 

In the massive conformally coupled case, where m ^ and £ = J"^\ , where d is the 

dimension of iVf , we have g a bT ab [(j)i, </> 2 ] = m 2 0i</>2 f° r an Y 4>ii4>2 G EmC^(M). It follows 
that for all x G -R' -1 , we have i?M7"y (x)-Em/(x) for all / G C^°(iW). We may use the same 
argument as above to show that supp(£' M (g,n t n ) C J M (K) xn . D 

Lemma 5.4. Let t n G 3"* 1 {M), and suppose that supp(E M ® n t n ) C J M (K) xn . Further- 
more, let S be any open neighbourhood of an arbitrary Cauchy surface S C M". TTien £/jere 
exzsi s, Ufc G ^ n (M) ; fc = 1, . . . , n, such that 

n 

t n = S + ^(P M )fcMfc, 
fc=l 

w/iere we de/me (P M )fc = l® fc_1 ® P M ® l® n ~ fc , and snc/i t/iat supp(s) C (J M (^) n S) xn . 
Proof. To prove this, we will need the result of lemma IA.21 namely, that 



kerE M ® n = \ J2( P M)kU k : u k G ^ n (M) 



fc=i 



Now, if S is an open neighbourhood of a Cauchy surface, then we can find two disjoint 
Cauchy surfaces E ± c5 l such that S + C J^ (£~). Let -^ adv -|-^ rot = 1 be a smooth partition 
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of unity such that x adv (^) = 0, x ret (» = 1 for x G J^(S+) and x adv (» = 1, X rct (^) = 
for x G J M (S_). We let s = (P M X adv E M f n t n ; by (1^20]) we have E M ® n s = E M ® n t n) so 
by lemma IA.2I it follows that 



D« 



MjkUk 



k=l 



for some Uk G ^ n (M), k = 1, . . . , n. The required support properties of s follow from the 
support of EM® n t n and the fact that x adv is constant outside S. □ 

The above results allow us to prove the following: 

Theorem 5.5. The theory W of Wick polynomials is dynamically local in the massive 
minimally coupled case and the massive conformally coupled case. The theory is not dy- 
namically local in the massless minimally coupled case. 

Proof. We pick a spacetime M, and some O G 0(M)\ we will denote the dynamical and 
kinematic nets for W by w^ n , and oj^.q respectively. We may then use a similar argument 
to that used above to see that uJ^. (W km (M; O)) comprises elements W G W{M) with 
W = IWh]h€,_x?(m), where each Wh £ Wh(M) can be represented by T H G ^(M ) with 
the property that T H [E M f] = T H [0] for all / G C°°{0'). 

As already mentioned, for an additive theory, it is sufficient for dynamical locality to 
show that we have W(M; K) C L0^ n . o (W kin (M; O)) for all K G Jf(M; O); we therefore 
pick some such K, and let W G W(M; K). Let W = (Wh)h£j?(m), and pick some fixed 
H G Jf (M); moreover, let W H G W H {M) be represented by a functional T H G «%(M ). 
Since Tce M [h]W = W for all h G if (M; if- 1 ) it follows that 

B H [h]X HA T H ~m T H (5.4) 



viV 



for all such h. If T# = ^2 n=0 t n with each t n G £? n (M), then using (I3.14p . interchanging 
sums and relabelling, we may write 

K2J n JV 



w^EnE^-^.^ 



fc! 

fc=0 n=0 

.. I N-n I 

iV L^— J 

= EEp((»-i)"C); 

n=0 fc=0 

the precise meaning of the notation here is given in (j3.15p . Note that in the second sum, 
the inner sum for each n consists only of elements of 2F n {M ); we write 

i N ~ n i 
P n (M) 3 t n , h = J2 I ((H- H h f\C\ k ) (5.5) 

fc=0 
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for n = 0, . . . , N, and may express the condition (15 .4p as 

((mf n in ; k)[E M f]=t n [E M f} (5.6) 

for all / G Co°(Af ) and for each 1 < n < N. We note that the n = term in ( 15. 4 p requires 

L7V/2J 

1A 






J ^fe 







(5.7) 



fc=i 



for all heH(M-K ± ). 

It follows from (I5.6P that for n > 1 we have 

1 (0W%. fc ) [£*/] 



s=0 



for all / G Co°(M) and ^ e H{M-K L ). But since /3[0] = 1 and i n;0 = t n , this is 
equivalent to 



^ ((/WX) M 



by corollary 14. 6} we have 
d 



ds 



((P[sh}f n t n ) [E M f] 



s=0 
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+ -rtn;sh[EMf] 



0; 



s=0 



s=0 



M 



dvol M h ab T ab [E M T?,E M f}, 



(5i 



(5.9) 



where as before rj? is defined according to (14. 8p . 

We now wish to show that in fact t n; h ~m t n for all h G H(M; K L ) and n > 0. To 
do so, we firstly note that by ( 15. 5p . we automatically have t^h = £jv and tN-i-,h = tzv-i 
for all /i G H(M). We may then proceed by descent, using the fact that i„. h ~ M t n for 
all /i G H(M; K^) if t n+ 2k-h ~m ^n+2fc for all fc satisfying 2 < 2k < N — n. This can be 
shown from the previous results, as follows. 

If t n+ 2k-h ~m t n+ 2k for 2 < 2k < N — n, then (with n replaced by n + 2k) the second 
term on the left hand side of (15. 8p vanishes, and so by (15. 9p we also have 



/ dvol M h ab T ab [E M rJ +2k ,E M f] = 

J M 



for 2 <2k < N—n and h G H(M; K^). It follows from lemma l5"31 that in the massive min- 
imally coupled and massive conformally coupled theories, we have supp (E M 



®{n+2k) 



n+2k, 



C 



Jm{K) x ( n+2fc ). We may now use lemma l5~4l to see that for any open neighbourhood S of 
an arbitrary Cauchy surface, the distributions t n+ 2k may be written 

n+2k 
tn+2k = S + 2_, (Pm)jUj 
3=1 
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where s,Uj E 3 rn+2k (M) and supp(s) C (J M {K) fl S) x( - n+2k \ If we now fix some h E 
H(M, K^) and choose S such that J M (supp(/i)) fl Jm{K) fl S — 0, it follows that 

((tf-^fV 2fe ))=0, 

recalling from lemma fl~il that supp(if — Hh) C (Jjvf(supp(/i.))) x2 . But this means that for 
all / E C™(M), we have 

n+2k 

((H - H h f\C\ k ) [EmJ] = £ ((ff - fl,r (Pm),^) [£m/] = 

i=i 

for 2 < 2A; < A" — n, where we have used the fact that (P M eg) 1)H = = (1 £g> Pm)H for 
any H E J4?(M). By (15.51) . we therefore have t n; h ~m t n . 

As observed above, we certainly know that i^-h ~m ^n an d £jv-i ; fc ~m £jv-i for all /i G 
H(M; AT- 1 ), and consequently by the above arguments £jv_2 ; /i ~m £jv-2 and tN~3-,h ~ tzv-3 
for all h. G H(M; K^). We may continue this argument to see that in fact t n -u ~m t n for 
all n > and h G fl(M ; A"- 1 ). Therefore dSSJ and dSSJ tell us that Q is satisfied for all 
n > 1; a final use of lemma 1531 tells us that supp(A 7, M 0n ^n) ^ ^m(-^) x " for n = 1, . . . , N. 

This firstly shows that the condition (J5.7P is satisfied. More importantly, it shows 
that £„[-Em/] = for all / G C ( J°(A'- L ) and n > 1, and therefore if T represents an 
element of W(M;K), then T[E M f) = t = T[0] for all / G ^(AT^). If this is the 
case for all K E J(f{M\0) then T represents an element of u^. (W km (M;0)), and so 
W(M; K) C t^floC^^CM; O)) for all KcO. Therefore the massive minimally coupled 
and massive conformally coupled theories are dynamically local. We have already observed 
that the massless minimally coupled theory is not dynamically local. 

□ 
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A Appendix 

Lemma A.l. Let M be a locally covariant theory obeying the timeslice axiom and let 
t E &h(M) for some H E J?(M). For any h E H(M) and f E C °°(M) ; we have 



±^[sh}t)[E M f] 



dvol M h ab T ab [E M t,E M f}, 

=0 JM 



where 



T ab [u,<p\ = (V (a w)(V 6 V) - ]:g a \V c u){V c 



+ l -m 2 g ab u<P + i{g ah U g - W - G ab ){u<P) 
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forue E M ST\M), G EmC^(M). 

Proof. We adopt and adapt the strategy used in Appendix B of [9]. Let h G H(M), 
and consider the metric perturbation sh where s G K is sufficiently small to ensure that 
sh G H(M). We have E M /3[sh}t = E M (-[sh}( + t, therefore 

E M (3[sh]t — E M t = E M (P M [ sh ] — Pm)X- V EM[sh]( + t + E M P M x a L v (E M [sh] — E M )( + t. 

Since Pm is a differential operator it follows that the support of {Pm[sH} — Pm)I lies 
within supp(/i) fl supp(/) for any / G C°°(M). The support of x!i dv lies strictly to the 
past of supp(/i), so the first term above vanishes. Moreover, note that the support of 
^M\sh\f ~E M f is contained within J M (supp(h)) for any / G Cq°(M), and is also therefore 
disjoint from supp(x^ dv ); it follows that 

E M j3[sh]t - E M t = E M P MX ^{E M[sh] - E M )( + t. 

Similarly, (E M , sh , — Em)/ must be supported in J M (sxvpp(h)), for any / G Cq°(M); it 
follows that the support of X T -{E M , st , — Em)/ is compact. Therefore 

E M /3[sh]t - E M t = E M P M (E M[sh] - E M )( + t. 

We use PM[sh]E M[sh] ( + t = (+t = P M E M ( + t to see that 

E M /3[sh]t — E M t = —E m {Pm[sK\ — EM)E M ^( + t 

= Em{Pm[sK\ — EM)E M , sh APM[sh] — Pm)E m ( t 

— EM{PM[sh] — Pm)E m ( t, 

where we have used the fact that E M ^PM[h]E M u = E M u for any u G £'(M) and h G 
H(M); this is proved below. 

Finally, we note that supp(/i) fl supp(E M ( + t) = 0, so 

E M /3[sh]t — E M t = E M (PM[sh) — PM)E M ^ sh }(PM[sh} — PM)E M ( + t 

- Em{Pm[sH] ~ P M )E M ( + t. (A.l) 

Now, for any / G C°°(M) we have 

D g+Sh f = n g f + s Qv a (/A)v a / - V a (/i a6 V 6 /)] + 0(s 2 ); 
we may also note that 



d R 
oTs K9+sh 



= (g ab n g - V a V b - R ab )h ab 

s=0 
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(see e.g. [IS])- It follows that lim s ^ ((P M [ sh ] — Pm)/ 's)f exists and is equal to 
Qv a (tf 6 V a /) + \h\m 2 f + \h\ZR g f 

- V a (h ab V b f) + U (g ab D g - V a V b - R ab ) h ab \ . 

By duality, the same limit holds for distributions in the weak topology. Moreover, the first 
term of (1A.1I) can now be seen to be of order 0(s 2 ) as s — > 0, and therefore 

d 



ds 



E M /3[sh]t 



s=0 



-E M Qv a (/i\V a £ M i) + hi b b m 2 E M t + ^h b b £R g E M t 

- V a (h ab V b E M t) + ZE M t (g ab D g - V°V 6 - R ab ) h^ 



C °°(M), we have 



where the derivative is taken in the weak topology. We can now see that for any / G 
VL 

{[J[sh\t)[E M f\ = I dvol M (E M f. 

1 



ds 



= [ dvol M (EMf)(\v a (h b b V a E M t) + \h b b m 2 E M t 



+ -h b b iR g E M t - V a (h ab V b E M t) 

+ £E M t {g ab D g - V a V 6 - R ab ) h ab \ . 



Integration by parts then yields 
d 



ds 



(/3[sh]t)[E M f] = / dvol M h ab T ab [E M t,E M f] 

s=0 JM 

as required. 

It remains to show that for any u G £'(M) and h G H(M) we have E M , h ,P M ^E M u = 
E M u. We may see that this holds by considering an arbitrary / G Cq°(M) and splitting 
E M u = t + t' where t G E'{M) and if G V'{M) with J M[ft] (supp(t')) n supp(/) = 0. It 
follows that 

E M[h] P M[h]E M u[f] = E M[h] P M [h]t[f] + E M[h] P M [h]t'[f] 
= tin- 
But t[f] = t[f] +tf[f] = E M u[f). Since / was arbitrary, we have E^ [h] P M[h] E M u -- 



E M u. 



□ 



Lemma A. 2. Let M be a spacetime, and consider Em as a map from £? X {M) to T>'(M). 
Then for all n G N ? 

kerE M ® n = | X]( P mW : u k G ^ n (M) 



. fc=i 



where {P M )k = l® fc_1 ® Pm® l® n ~ k . 
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Proof. Let S n denote the set in the right hand side of the above equation. Clearly any 
distribution in S n lies in ker Em®™', therefore, we need only prove the inclusion ker Em® 71 Q 
S n . Suppose that t G 2? X {M), with Ej^t = 0. We have E M t = E M t; t is compactly 
supported, and so by the support properties of E M t we must have that E M t is compactly 
supported. But t = PME M t, and therefore ker .Em C P m S? x {M). This proves the case 
where n = 1. Now suppose that t n G 2? n (M) with EM® n t n = 0. Then pick two disjoint 
Cauchy surfaces S 1 * 1 C M with S + C J M (E~), and some x £ C°°(M) with x( x ) = for 
x G J M (S + ) and x( x ) = 1 for a; G 7^(2^). We know that E M P M xE M t = E M t and that 
PmX^m^ is compactly supported for any t G 3? 1 {M); it follows that 

(E M ® (PmX^m)®" -1 )^ = (E M ® (PmX-Bm)"" 1 )^, 

and that by the support properties given above the left hand side of the above equation 
must be compactly supported. Denoting this as U\ we therefore have t n = (Pm)i u i + fi, 
where 

V!=t n -1® (PMXEMf'^tn- 

As observed earlier, since u\ is obtained from an element of 2? n (M) by the application 
of E M , differential operators and multiplication by smooth functions, it follows that its 
wavefront set also has the desired properties for u\ itself to be an element of 37" n (M). 

Now t n , (P M )iUi G ST n {M), so v x G ST n {M)\ but 1 ® E M ® n ~ x vx = 0, so v x G ker(l ® 
Em 8 "' 1 ): we may repeat the argument to see that Vx = (Pm)2U2 + Vi for some U2,V2 G 
3? n (M) with V2 G ker(l ® 1 ® £m 8 "" 2 )' Continuing the argument further, we may 
eventually see that t n = (?m)i m i + • • • + (PM)n u n for some ui, . . . ,u n G ^ n (M), and 
consequently £„ G ^n. 
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